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Abstract—We examine the impact of channel knowledge on the
secondary user (SU) in a cognitive radio system. Under a mini-
mum signal-to-interference-and-noise ratio (SINR) constraint for
the primary user (PU) receiver, we determine the SU capacity
under four channel knowledge scenarios. We derive analytical
expressions for the capacity cumulative distribution functions
which are verified by means of simulations. We show that the
lack of exact knowledge of the PU-PU channel gain by the SU-Tx
either prohibits SU transmission or necessitates high interference
level at the PU. We also show that the lack of exact knowledge of
the SU-Tx to PU-Rx link has little or no impact on SU capacity.

I. INTRODUCTION

The cognitive radio concept, introduced in [1], refers to a
smart radio which can sense the external electromagnetic en-
vironment and adapt its transmission parameters according to
the current state of the environment. Secondary (or Cognitive)
users (SUs) can be designed to access parts of the primary user
(PU) spectrum for their information transmission, provided
they cause minimal interference to the PUs in that band [2].

A large number of papers have appeared on various aspects
of cognitive radio systems, including fundamental information
theoretic capacity limits (see, for example, [3]–[10]). The
cognitive radios can protect the PU transmissions by regu-
lating the SU transmitter to PU receiver interference power
to be below a well defined threshold level. The limits on
this received interference level at the PU receiver can be
imposed with an average/peak constraint [4]. Another method
of protecting the PU transmission is to consider a minimum
value for its signal-to-interference noise ratio (SINR) beyond
which further degradation is not accepted. Note that if the
PU signal has a signal-to-noise ratio (SNR) below this level
then the SU cannot transmit at all since the minimum SINR is
unobtainable. Clearly with the SINR constraint, depending on
the fading level of the PU-Tx to PU-Rx link, the conservatism
inherent in the constant interference threshold constraint can
be relaxed to some extent. Hence, with an SINR constraint,
the tolerable PU interference is no longer a constant and this
can be to the benefit of the SU-Tx when the PU link is strong.
The price of this relaxation is that some information about the
PU-Tx to PU-Rx link must be available to the SU-Tx.

The motivation for our work arises from the fact that
complete channel knowledge acquisition of all links in the
network is impractical. Generally in wireless systems, various
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Fig. 1. System Model

levels of channel knowledge (either in the form of instan-
taneous or statistical channel information) on radio links are
collected for system optimization. Moreover, due to estimation
errors, the acquired channel information is never perfect.
Therefore, an important question is the impact of the nature
of channel knowledge availability on the cognitive radio
capacity. Previously, [6] derived SU capacity under a peak-
power constraint and asymmetric channel conditions, while
[7] examined the impact of instantaneous channel estimation
errors on the SU capacity. Note that [7] only considered
imperfect channel state information (CSI) for the SU-PU link.
In this paper we consider the effect of statistical CSI rather
than instantaneous channel estimation errors. Furthermore, the
investigation considers the effect of statistical CSI on all the
channels for the primary and secondary links under both SINR
and peak power constraints.

II. SYSTEM MODEL

As shown in Fig. 1, we consider a cognitive radio system
where a SU link consisting of a SU-Tx and a SU-Rx transmits
simultaneously over the same narrow band with a PU link con-
sisting of a PU-Tx and a PU-Rx. Independent point-to-point
flat Rayleigh fading channels are assumed for all links in the
network. Let gp = |hp|2, gs = |hs|2 and gsp = |hsp|2 denote
the instantaneous channel gains of the PU-Tx to PU-Rx, SU-
Tx to SU-Rx and SU-Tx to PU-Rx links, respectively. Fur-
thermore, we denote the exponentially distributed probability
density functions (pdfs) of the random variables (RVs) gp, gs
and gsp by fgp

(x), fgs
(x), and fgsp

(x), respectively. These
distributions are governed by their corresponding parameters
Ωp = E(gp),Ωs = E(gs) and Ωsp = E(gsp), where E(·)
denotes the expectation operator. In this paper, depending on
the type of channel knowledge available at the SU-Tx, we
identify four different scenarios of interest. In all cases, it is

978-1-4244-3574-6/10/$25.00 ©2010 IEEE



assumed that the SU-Tx has exact knowledge of gs.1

Scenario 1: The PU-Tx to PU-Rx channel gp and SU-Tx to
the PU-Rx channel gsp are perfectly known.

Scenario 2: The PU-Tx to PU-Rx channel gp is perfectly
known while only the mean Ωsp of the channel between the
SU-Tx and the PU-Rx is known.

Scenario 3: The mean Ωp and the exact channel gain gsp
are known.

Scenario 4: Only the means Ωp and Ωsp are known.
In all cases, where possible, we impose a constraint, γT , on

the SINR at the PU receiver, denoted by γp. Hence,

γp =
Ppgp

Psgsp + σ2
p

, and γp ≥ γT , (1)

where γT is a pre-defined SINR threshold, Pp and Ps are the
primary and secondary transmit powers, respectively, and σ2

p is
the additive white Gaussian noise (AWGN) variance at the PU-
Rx. Note that in the event that the PU-Rx SNR Ppgp/σ

2
p < γT ,

the SINR constraint in (1) cannot be satisfied, and thus the
SU transmit power is zero. We also impose a maximum SU
transmit power constraint, denoted by Pm, which arises in
practice, for example, due to power amplifier nonlinearities.
Thus, in Scenarios 1 and 2, where the SU-Tx knows gp, the
SU transmit power is given by

Pt =

{
0 Ppgp

γT
< σ2

p

min (Ps, Pm) otherwise
, (2)

where Ps is obtained from (1) by solving γT = γp. As will
be shown in Section III, the Pt = 0 condition for Scenarios
3 and 4 will depend on the choice of system parameters and
thus (2) will be modified accordingly.

Furthermore, we note that the constraints described above
can only be guaranteed if the SU-Tx has perfect knowledge
of the links gp and gsp, that is under Scenario 1. In analysing
Scenarios 2-4, we use probabilistic contraints. Hence, we
require the SINR constraint to hold with an acceptably high
probability, 1 − α, where α is small.

The signal-to-noise ratio at the SU-Rx is Ptgs

σ2
s

, where σ2
s

is the AWGN variance at the SU-Rx. In our investigation of
the SU capacity C, we first consider the RV γ = Ptgs, with
the pdf and cumulative distribution function (cdf) denoted by
fγ(x) and Fγ(x), respectively. The SU capacity is thus given
by

C = log2

(
1 +

γ

σ2
s

)
, (3)

which allows us to obtain the cdf of C from Fγ(x) by

FC(y) = Fγ
(
σ2
s(2

y − 1)
)
. (4)

1The impact of the interference caused by the PU-Tx to SU-Rx link on
the SU capacity is not taken into account due to space constraints. Analysis
involving this factor is, however, considered in the forthcoming full journal
version of this work.

Furthermore, the mean capacity, C̄, can be derived using fγ(x)
by

C̄ = E(C) =
∫ ∞

0

log2

(
1 +

x

σ2
s

)
fγ(x) dx. (5)

In what follows we derive analytical expressions for Fγ(x)
and fγ(x) which, using (4) and (5), allow us to compute the
capacity cdf and mean capacity for each scenario.

III. SU CAPACITY

A. Scenario 1

Assuming that the SU has full knowledge of gp, gs and gsp,
Ps can be obtained directly from (1), giving

Ps =
Ppgp

γT
− σ2

p

gsp
. (6)

We note that while we ignore the Pt = 0 case in (2), the
following derivation is valid since Pr(γ > 0) = 0 for Pt ≤ 0.
In finding Fγ(x) we solve for the complementary cdf of γ

Pr(γ > x) = Pr (gs min(Pm, Ps) > x) (7)

= Pr

(
Pmgs > x,

(
Ppgp
γT

− σ2
p

)
gs
gsp

> x

)

= Pr

(
gs >

x

Pm
,

(
Ppgp
γT

− σ2
p

)
gs > xgsp

)
,

where Pr(·) denotes probability. Noting that gp is an exponen-
tially distributed RV, we can rewrite (7) as

Pr(γ > x) =
∫ ∞

0

∫ ∞

x
Pm

e
− γT

PpΩp
( xv

u +σ2
p)fgs

(u)fgsp
(v) du dv.

(8)

Substituting for fgs
(u) and fgsp

(v), and changing the order
of integration one obtains

Pr(γ > x) (9)

=
e
− γT σ2

p
PpΩp

ΩspΩs

∫ ∞

x
Pm

e−
u
Ωs

∫ ∞

0

e
−
(

γT x

PpΩpu + 1
Ωsp

)
v
dv du

=
e
− γT σ2

p
PpΩp

ΩspΩs

∫ ∞

x
Pm

e−
u
Ωs

γT x
PpΩpu

+ 1
Ωsp

du.

After simplifying (9), the cdf Fγ(x) = 1 − Pr(γ > x) can be
shown to be [11, Equation (3.351.2)]

Fγ(x) = 1 − e
− γT σ2

p
PpΩp

[
e−

x
PmΩs − ΩspγTx

PpΩpΩs
e

ΩspγT x

PpΩpΩs (10)

× Γ
(

0,
ΩspγTx
PpΩpΩs

+
x

PmΩs

)]
,

where Γ(·, ·) is the upper incomplete gamma function. Finally,
the capacity cdf is obtained by substituting (10) into (4).



Furthermore, we can obtain the pdf fγ(x) by differentiating
(10) with respect to x, which after some manipulation gives

fγ(x) = e
− γT σ2

p
PpΩp

[(
1

PmΩs
− ΩspγT
PpΩpΩs

)
e−

x
PmΩs (11)

+ e
ΩspγT x

PpΩpΩs

(
(ΩspγT )2x
(PpΩpΩs)2

+
ΩspγT
PpΩpΩs

)

× Γ
(

0,
ΩspγTx
PpΩpΩs

+
x

PmΩs

)]
.

Equation (11) can be used in (5) to give a single numerical
integral for the mean capacity C̄.

B. Scenario 2

Note that in Scenarios 2-4, exact channel knowledge is
unavailable. As a result, the SU cannot guarantee that (1) is
satisfied since the value of γp is uncertain. Hence, we constrain
the SU to satisfy (1) with an acceptably high probability, 1−α,
where α is usually small.

Specifically, in Scenario 2, where the SU knows only the
mean, Ωsp, of gsp, we consider the probability of satisfying
the SINR constraint with a probability of 1 − α, that is

Pr

(
Ppgp

Psgsp + σ2
p

≥ γT

∣∣∣∣gp,Ωsp
)

= 1 − α, (12)

which can be rewritten as

Pr

(
gsp ≤

Ppgp − γTσ
2
p

PsγT

∣∣∣∣gp,Ωsp
)

= 1 − α. (13)

From (13) we can derive the expression for the transmit power
Ps, that is

Ps = −Ppgp − γTσ
2
p

γTΩsp ln(α)
. (14)

From (14) the complementary cdf of γ is derived by noting
that

Pr (γ > x) = Pr (Pmgs > x,Psgs > x) (15)

= Pr

(
gs >

x

Pm

∣∣∣∣Pm < Ps

)
+ Pr

(
gs >

x

Ps

∣∣∣∣Pm > Ps

)
,

which in turn can be shown to be

Pr (γ > x) =
∫ ψ

ψ0

Pr

(
gs >

x

Ps

)
fgp

(y) dy (16)

+
∫ ∞

ψ

Pr

(
gs >

x

Pm

)
fgp

(y) dy,

where ψ0 = γTσ
2
p

Pp
and ψ = γT (σ2

p−PmΩsp ln(α))

Pp
. The lower

integration limit in the first term of (16) takes into account
the Pt = 0 condition in (2). After some manipulation, we can
simplify (16) to obtain Fγ(x) = 1 − Pr (γ > x) as,

Fγ(x) = 1 −
∫ ψ

ψ0

Pr

(
gs >

x

Pm

)
fgp

(y) dy (17)

−
∫ ∞

ψ

Pr

(
gs > −xγTΩsp ln(α)

Ppy − γTσ2
p

)
fgp

(y) dy,

which results in

Fγ(x) = 1 − exp
{
− x

PmΩs
− ψ

Ωp

}
(18)

− 1
Ωp

∫ ψ

ψ0

e
− xγT Ωsp ln(α)

(γT σ2
p−Ppy)Ωs e

− y
Ωp dy.

To the best of our knowledge, there exists no closed form
solution to the integral in (18), and in Section IV it is evaluated
numerically.

C. Scenario 3

In Scenario 3, where the SU has exact knowledge of gsp
and knows only the mean Ωp, we once again satisfy the SINR
constraint with a probability of 1 − α. Hence,

Pr

(
Ppgp

Psgsp + σ2
p

≥ γT

∣∣∣∣Ωp, gsp
)

= 1 − α, (19)

which gives

Pr

(
gp ≥

γT (Psgsp + σ2
p)

Pp

∣∣∣∣Ωp, gsp
)

= 1 − α. (20)

Following the same approach as for Scenario 2 in Section
III-B, noting that gp is an exponential RV, one can show that

Ps = −
(

ln(1 − α)PpΩp
γT

+ σ2
p

)
1
gsp

. (21)

Defining for notational convenience

Q = −
(

ln(1 − α)PpΩp
γT

+ σ2
p

)
, (22)

we have a transmit power for Scenario 3 given by

Pt =

{
0 Q < 0

min
(
Pm,

Q
gsp

)
Q > 0

. (23)

Using (22) and (23) we note that the SU transmission will
only occur for Q > 0, which is equivalent to

α > 1 − e
− γT

PpΩp/σ2
p . (24)

In such a case, solving for the cdf of γ, we write

Pr (γ > x) (25)

= Pr

(
gs >

x

Pm

∣∣∣∣Pm <
Q

gsp

)
+ Pr

(
gs >

x

Ps

∣∣∣∣Pm >
Q

gsp

)
giving

Pr (γ > x) =
∫ Q/Pm

0

Pr

(
gs >

x

Pm

)
fgsp

(y) dy (26)

+
∫ ∞

Q/Pm

Pr

(
gs >

xy

Q

)
fgsp

(y) dy.

Upon simplifying (26), we obtain

Fγ(x) = 1 − e
− x

ΩspPm

(
1 − e−

Q
ΩsPm

)
(27)

− 1
1 + Ωsx

ΩspQ

e
− Q

ΩspPm
− x

ΩsPm .



Here, once again we can obtain the pdf

fγ(x) =
1 − e

− Q
ΩspPm

ΩsPm
e−

x
ΩsPm (28)

+
1

ΩsPm
e
− Q

ΩspPm
− x

ΩsPm

1 + Ωsp

ΩsQ
x

+
Ωsp
ΩsQ

e
− Q

ΩspPm
− x

ΩsPm(
1 + Ωsp

ΩsQ
x
)2 .

Using (28) and (5), the mean SU capacity can be shown to be

C̄ =
1 − e

− Q
ΩspPm

ln(2)
Γ
(

0,
σ2
s

ΩsPm

)
e

σ2
s

ΩsPm (29)

− 1

ln(2)
(
1 − Ωspσ2

s

ΩsQ

)Γ
(

0,
Q

ΩspPm

)

+
e
− Q

ΩspPm

ln(2)
(
1 − Ωspσ2

s

ΩsQ

)Γ
(

0,
σ2
s

ΩsPm

)
e

σ2
s

ΩsPm .

D. Scenario 4

Consider the final scenario, where the SU-Tx has knowledge
of only the mean values of gp and gsp. Here we have

Pr

(
Ppgp

Psgsp + σ2
p

≥ γT

∣∣∣∣Ωp,Ωsp
)

= 1 − α. (30)

Using conditioning (30) can be given as

E

[
Pr

(
Ppgp ≥ γT

(
Psgsp + σ2

p

) ∣∣∣∣gsp
)]

= 1 − α, (31)

which after some manipulation gives the transmit power Ps,

Ps =
PpΩp
γTΩsp

⎛
⎜⎝e−

γT σ2
p

PpΩp

1 − α
− 1

⎞
⎟⎠ . (32)

Here, Ps and thus Pt, are deterministic, depending simply on
the system parameters. The latter is given by

Pt =

⎧⎪⎨
⎪⎩

0 Ps < 0
Ps 0 < Ps < Pm

Pm Ps > Pm

. (33)

Similarly to Scenario 3, from (32) and (33) we conclude that
SU transmission occurs when (24) is satisfied.

The cdf of γ is given by

Fγ(x) = 1 − e−
x

PtΩs , (34)

and, from (4), the capacity cdf is

FC(y) = 1 − e−
σ2

p(2y−1)

PtΩs . (35)

The pdf of C can be trivially obtained by differentiating (35).
Furthermore, we can evaluate the mean SU capacity using (5),

C̄ =
1

ln(2)PtΩs

∫ ∞

0

ln
(

1 +
x

σ2
s

)
e−

x
PtΩs dx (36)

=
1

ln(2)
e

σ2
s

PtΩs E1

(
σ2
s

PtΩs

)

where E1(x) =
∫∞
x
e−t/t dt denotes the exponential integral

function of order one.
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Fig. 2. SU capacity cdf for Scenarios 1-4 (c1 = c2 = 0.1).

IV. SIMULATION RESULTS AND DISCUSSION

We now present simulation results used to validate the
analytical expressions derived in Section III, and to com-
pare capacity values achievable under each scenario. In all
simulations we have set Pp/σ2

p = Pm/σ
2
s = 0 dB and

Ωp/σ2
p = Ωs/σ2

s = 5 dB, where we assume σ2
p = σ2

s . In
Scenarios 2-4 we set α = 0.1. The remaining system variables
were parameterized using

c1 =
Ωsp
Ωs

, (37)

that is, the ratio of interference to desired channel strength,
and

c2 =
γT

PpΩp/σ2
p

, (38)

which is the ratio of the minimum target SINR to the actual
SNR at the PU-Rx. Hence, increasing c2 corresponds to
reducing the allowable interference, with the case of c2 = 1
corresponding to zero allowable interference. The parameter
values used in the simulations are indicated in the relevant
figures.

Figures 2 and 3 show the SU capacity cdf for all scenarios,
with lines corresponding to analytical expressions using (10),
(18), (27) and (35), and symbols indicating simulatated results.
From these results we observe that Scenarios 1 and 2 result

in similar performance, even in the case of c1 = 0.9, that is
where the SU interference is very prominent, thus making it
difficult to satisfy the PU SINR constraint (1). Furthermore,
lack of knowledge of the PU-PU (that is, knowing only the
mean Ωp) greatly reduces the achievable capacity of the SU.
From the point of view of the SU-PU collaboration this is a
positive result, since gp is likely to be known at the PU-Rx.
Hence, the PU already has the most useful information and
does not need to estimate gsp, which might make the price of
co-existence too high from the PU perspective.

In comparing all four scenarios in Figs. 2 and 3, we
used c2 = 0.1, which is very generous towards the SU.



0 0.5 1 1.5 2 2.5 3 3.5 4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

capacity (bits/s/Hz)

P
ro

b 
(C

 ≤
 a

bs
ci

ss
a)

 

 

scenario 1 (theory)
scenario 1 (sim)
scenario 2 (theory)
scenario 2 (sim)
scenario 3 (theory)
scenario 3 (sim)
scenario 4 (theory)
scenario 4 (sim)

Fig. 3. SU capacity cdf for Scenarios 1-4 (c1 = 0.9, c2 = 0.1).
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Recalling (24), and noting that using (38) it can be written as
α > 1−e−c2 , we see that SU transmission in Scenarios 3 and 4
occurs only for large values of α or for small values of c2. That
is, without the knowledge of gp, the SU can only operate if the
PU is willing to accept large amounts of interference. Figures
4 presents the capacity results for Scenarios 1 and 2 with
more realistic values of c2 = 0.5 and c2 = 0.9, where (24)
prevents SU transmission under Scenarios 3 and 4. Finally,
Fig. 5 shows the probability Pr(C ≤ 1), where capacity is
measured in bps/Hz, as a function of c1. As expected, for
a constant c2, the performance under Scenario 2 diverges
from the baseline Scenario 1 with increasing c1, that is as
the amount of interference to the PU increases.

V. CONCLUSIONS

In this paper, we have examined the effects of channel
knowledge availability on the capacity of the SU. Considering
four scenarios, we derived analytical expressions for the SU
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Fig. 5. SU capacity cdf for Scenarios 1 and 2 for varying c1 (c2 = 0.5,
c2 = 0.9).

capacity cdf under the constraint of a minimum SINR at
the PU-Rx, which were verified by means of Monte Carlo
simulations. The results demonstrate the importance of the
PU-PU CSI, which was shown to be much greater than that of
the SU-Tx to PU-Rx link. More importantly, we show that for
reasonable system parameters SU transmission does not occur
unless the PU-PU CSI is known.
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